The problem of analyzing data from a multisphere neutron spectrometer to infer the energy spectrum of the incident neutrons is discussed. The main features of the code MAXED, a computer program developed to apply the maximum entropy principle to the deconvolution (unfolding) of multisphere neutron spectrometer data, are described, and the use of the code is illustrated with an example. A user's guide for the code MAXED is included in an appendix. The code is available from the authors upon request.
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INTRODUCTION
The multisphere neutron spectrometer (also known as Bonner spheres after one of the authors of the original paper) was first described by Bramblett et al. (1960) . Such a spectrometer is a set of detector assemblies made of spherical moderators of different sizes, each one with a counter sensitive to thermal neutrons placed at the center. Each detector is characterized by a response function, which is the efficiency of the detector as a function of incident neutron energy. The shape of the response function depends on the size of the moderator. As the size of the moderator is increased, the peak of the response function shifts to a higher neutron energy.
The number of counts, N k, measured by detector k is related to the detector's response function, R k (E), and the neutron spectrum, f(E), by an integral over the energy of the form
where , k is the (unknown) measurement error in detector k. Figure 1 shows a set of response functions for a multisphere neutron spectrometer that has been used by the Environmental Measurements Laboratory [for more details see Goldhagen et al. (1996) ]. The 12 detectors are spherical 5.08 cm-diameter 10 BF 3 -filled stainless steel pulse ionization chambers, one of them is bare (unshielded), one is surrounded with a layer of cadmium, and the remaining 10 are surrounded with high-density polyethylene spheres with diameters ranging from 7.4 to 30 cm. To reduce the response to thermal neutrons and improve energy resolution, the moderator spheres are surrounded with cadmium shells and then aluminum shells for safe handling. The sharp dips in the response functions come from nuclear resonances in the cadmium and aluminum shells surrounding the spheres and, for spheres 11 and 12, in the carbon of the polyethylene moderators.
The problem of deriving f(E) from a finite number of measurements [i.e., finding f(E) that solves Equation (1.1) for all measurements] does not have a unique solution. This can be understood intuitively --without further assumptions it is clearly not possible to determine a continuous function such as f(E) from a finite number of measurements. Non-uniqueness would not be a serious problem if for all practical purposes the measured data was sufficient to force all -2-solutions of Equation (1.1) to be very similar. But this is not the case for multisphere spectrometers, where the energy response functions are not sharply peaked and overlap over many orders of magnitude (see Figure 1 ).
The process of choosing a particular solution spectrum from the infinite number of spectra that fit the data is known as deconvolution (or unfolding) of the data. To make this choice, we need to find additional criteria to supplement the set of constraints imposed by the measurements. While many deconvolution algorithms use criteria that are purely mathematical, we believe that to choose a physically relevant spectrum it is crucial to use a priori information.
In this paper, we take the point of view that deconvolution of data is best viewed as a problem of inference. That is, to deconvolve our data we must take an initial estimate of the spectrum (which encodes the a priori information that is available before the measurements are made) and modify it using information from a set of new measurements. This new, improved spectrum becomes our best estimate. If the method of deconvolution used is sound and we have good a priori information available, we expect our final best estimate to be close to the true spectrum. Which method of deconvolution if any is the correct one for this task? This question will be discussed in the next section. We favor deconvolution based on the maximum entropy principle. It has been shown that this principle provides us with a method of inference that is both consistent and unbiased (in a mathematically well defined way). For a justification of this claim, we refer the reader to the material in Appendix A, and the papers referenced therein.
DECONVOLUTION AS A PROBLEM OF INFERENCE
In most cases, when we make a neutron spectrometry measurement, we have some information about both the neutron source and about the physics that governs the interactions of the neutrons as they travel from the source to the spectrometer. This information is usually derived from calculations or independent measurements. As we stressed in the introduction, we need to incorporate all this a priori information into the deconvolution process. We refer to this initial estimate of the spectrum that incorporates all the a priori information as the default spectrum.
Suppose that we have chosen a default spectrum that incorporates the a priori information that is available before the measurements. How do we modify that default spectrum to take into -3-account the new information contained in our measurements? To answer this question, note that a neutron spectrum is a positive distribution that can be interpreted as a probability distribution (in the following sense: asked for the probability that the next incoming neutron is in a given energy range, all you need to do is look up the neutron energy spectrum, and the fraction of neutrons in that energy range is the answer). This permits us to reformulate the question in the following way: given a prior probability distribution (the default spectrum), which method should we use to derive a new probability distribution (the spectrum which results from the deconvolution) that takes into account the new information provided by our measurements? A formal argument [due to Shore and Johnson (1980) ; see Appendix A for a brief discussion] shows that the maximum entropy method is the only general method of choosing the new distribution that does not lead to inconsistencies. A derivation of this important result is beyond the scope of this paper, and we refer the reader to the original article for a proof. Instead, we will try to justify the use of the maximum entropy principle using more intuitive arguments.
The default spectrum contains all the a priori information available. Therefore, any deviations from the default spectrum that results from the deconvolution should be driven by the new information provided by the measurements, otherwise we would be introducing structure that neither agrees with our a priori information nor is justified by the measurements. In other words, we want to take our default spectrum, and change it into a spectrum that fits the data but remains "as close as possible" to the default spectrum. But what does "as close as possible" mean when comparing two spectra? Once more, we interpret spectra in terms of probability distributions. Given a prior distribution, p(x), and a distribution, q(x), we define the crossentropy, S CE , by
(2.1)
The cross-entropy satisfies S CE # 0, and it equals zero only if q(x) = p(x). It can be argued (Hobson 1969 ) that the magnitude *S CE * of the cross-entropy provides a measure of the amount of information necessary to change p(x), which by assumption contains the a priori information, into q(x). It seems reasonable, therefore, to use *S CE * as a measure of how much q(x) differs from p(x). From among all the spectra that fit the data, the maximum entropy method chooses the one for which *S CE * is a minimum, and, therefore, the one that is "closest" to the default spectrum.
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MAXIMUM ENTROPY DECONVOLUTION OF MULTISPHERE NEUTRON SPECTROMETER DATA
We now describe the main features of the computer program MAXED (maximum entropy deconvolution) that we developed to apply the maximum entropy method to the deconvolution of multisphere neutron spectrometer data. Note that the experimental errors for each individual detector are taken into account during deconvolution, which is essential for the proper analysis of the data. A user's guide with practical recommendations for running the code can be found in Appendix B.
In practice, the deconvolution problem will usually be formulated in discrete terms. To do this for a multisphere neutron spectrometer with m detectors, we introduce an energy bin structure with energy bins )E i (i = 1, ..., n and n > m), and replace the spectrum f(E) and the response functions R k (E) that appear in Equation (1.1) with a (discretized) spectrum f i and (discretized) response functions R ki . We define the set of admissible spectra using two restrictions:
where the N k are the measurements, F k the standard deviations, and the left hand of equation (3.2) is the familiar chi-square statistic. Typically, S is set equal to the number of detectors. The set of Equations (3.1) is the discretized version of (1.1). Equation (3.2) is a constraint for handling the (unknown) errors , k , and assumes that the errors are normally distributed with zero mean and variances F k
2
. From this set of admissible spectra, we want to select the one that maximizes the entropy S of the distribution,
-5-where the f i DEF is the (discretized) default spectra. Equation (3.3) is in the form given in Skilling (1989). For the relationship of S to S CE , see Appendix A and the references cited.
We now present the maximum entropy deconvolution algorithm, which is a modification of the one in Wilczek and Drapatz (1985) .
The Lagrangian associated with the maximization of (3.3) with constraints (3.1) and (3.2) is of the form
where 8 k , µ are (m + 1) Lagrange multipliers. Variation with respect to f i , e k and µ lead to the set of (n + m + 1) equations
We use (3.5), (3.6) and (3.7) to solve for the f i , the , k and µ in terms of the 8 k ,
Variation with respect to the 8 k leads to (3.1), and using (3.8), (3.9), and (3.10) we can write these m equations as
Thus, the initial optimization problem stated has been reduced to a system of m equations with m unknowns 8 1 , ..., 8 m . The set of equations (3.11) can also be derived by maximizing the potential function, Z,
with respect to the 8 k . Therefore, we can reformulate the problem in terms of the maximization of Z.
We use a simulated annealing algorithm to maximize the potential function (3.12). Simulated annealing is a global optimization method that distinguishes between different local optima [see Press et al. (1992) for a brief discussion]. The algorithm makes very few assumptions regarding the function to be optimized, and it is quite robust with respect to non-quadratic surfaces. It moves both up and downhill (and can, therefore, escape from local optimas), and as the optimization process proceeds, it focuses on the most promising area. The method is, therefore, able to discriminate between "gross behavior" and finer "wrinkles." Our simulated annealing subroutine is a modification of the program SIMANN.F. This program is an example of the Corana et al. (1987) simulated annealing algorithm for multimodal and robust optimization, as implemented and modified by Goffe et al. (1994) .
To start the optimization, the algorithm randomly chooses a trial point within a given step length of the user selected starting point. The function is evaluated at this trial point and its value is compared to its value at the initial point. In a maximization problem, all uphill moves are accepted and the algorithm continues from that trial point. Downhill moves may be accepted, and the decision is made in a probabilistic manner by the Metropolis criteria, which is based on an analogy with thermodynamics --specifically, the way metals cool and anneal [for a discussion of the Metropolis criteria see, for example, Press et al. (1992) ]. If the new point is rejected, another point is chosen instead for a trial evaluation. As the optimization process proceeds, the length of the steps is reduced and the algorithm closes in on the global optimum.
-7-To initialize the parameters of the simulated annealing algorithm we took into consideration the values suggested in Corana et al. (1987) and Goffe et al. (1994) , and used the results of test runs to find a set of optimal initial values. The only parameter that we did not initialize in this way was the temperature (a parameter which enters into the Metropolis criteria), because the optimal initial value of the temperature depends, in general, on the particular optimization problem that is being solved. In most cases, an initial value for the temperature can be chosen as follows. Note that simulated annealing first builds up a rough view of the surface by moving with large step lengths at a high temperature. In our case, the function is convex in the large, and has only one maximum at a large enough scale length. Therefore, choose an initial temperature that is high enough so that no new maxima are found in the first set of iterations at constant temperature. This corresponds to probing the surface to within a scale length that is so large that we already are at the global maximum for the given scale length. Then, as the temperature is decreased, the algorithm is given the chance to inspect the "fine wrinkles" of the function at temperatures that are still high enough to escape from any of the local maxima. After searching through the local maxima, the algorithm should arrive at the global maximum.
AN APPLICATION OF THE DECONVOLUTION METHOD
We now describe an application of the code MAXED in which we analyzed measurements taken 120 m from the center of the Tokamak Fusion Test Reactor (TFTR) of the Princeton Plasma Physics Laboratory. In this example, we used the multisphere neutron spectrometer described in the Introduction to measure neutrons generated during deuterium-tritium (D-T) fusion reactions, and, from these data, we estimated the spectrum for neutrons with energies ranging from epithermal to 14 MeV. The data analyzed here were collected in 1996 using a smaller set of eight detectors, corresponding to response functions 3, 5, and 7 through 12 of Figure 1 . We did not use detectors 1 and 2, which are normally used to infer the thermal component of the spectrum. For the deconvolution, the F k were set equal to the square roots of the measured number of counts N k , and ranged from 2.5% to 5% of the N k . We estimate that these relatively large statistical errors dominated other sources of error.
The 14 MeV neutrons generated during fusion reactions travel through a substantial amount of shielding before reaching the spectrometer. It is exceedingly difficult to create a detailed model of the shielding at TFTR. Fusion reactor shielding simulations, especially those for neutrons, are subject to uncertainties due to homogenized approximations of complex -8-geometries, uncertainties in materials properties and distributions, and changes in configuration. Most of the shielding is due to approximately one and a half meters of concrete in the walls and the ceiling. We have used, therefore, a default spectrum derived from a calculation of 14 MeV neutrons incident on a 1.54 m thick slab of type 4 concrete (Ku and Liew 1992) . For the deconvolution, we re-binned the default spectrum to fit the bin structure of the response functions (20 bins per decade, of equal width in the logarithm of the energy) using linear interpolation in the logarithm of the energy. Figure 2 shows both the default spectrum and the maximum entropy spectrum that results from the deconvolution. We can use the chi-square statistic as an indicator of how well the spectra fit the data. The chi-square of the maximum entropy spectrum is 8, which equals the number of detectors (this was one of the two restrictions used to define the set of admissible spectra, see Equation 3.2). The maximum entropy spectrum, therefore, fits the data within experimental error. The default spectrum has a higher chi-square of 262.
A priori structure that is consistent with the data is preserved by the deconvolution method. The fine structure in the default spectrum (due to the physics of the transport of neutrons through the shielding) appears in the maximum entropy spectrum, even though the peaks are sharper than the resolution of the spectrometer. The overall spectral shape has changed, however, to account for fewer higher energy neutrons: below approximately 0.4 MeV the maximum entropy spectrum is above the default spectrum, otherwise the maximum entropy spectrum is lower than the default spectrum. Features of the default spectrum that are not consistent with the data are, therefore, corrected. Some small features in the maximum entropy spectrum seem to be due to structure in the response functions. If we re-bin the maximum entropy spectrum so that its bin structure matches the bin structure of default spectrum, the chi-square increases only slightly (from 8.0 to 8.1), indicating that the added structure is very minor.
DISCUSSION
The problem of deriving the neutron spectrum from a set of multisphere neutron spectrometer measurements has no unique solution, and many different spectra are consistent with the data. It follows that the neutron spectrum cannot be derived from the measurements alone, and additional conditions need to be introduced to choose one spectrum from all the spectra that fit the data. We are faced then with a problem of inference, in which we want to -9-provide our best estimate of the spectrum given all the information that is available, and not only the measurements. This is an important point. In general, it has not been recognized that the deconvolution of multisphere neutron spectrometer measurements should be treated as a problem of inference, but without taking this into consideration it is difficult to choose a deconvolution method among the many that are available. As a result, in many cases data are analyzed using deconvolution methods that are not correct, either because they do not take into account a priori information in a systematic way (some even claim not to use a priori information at all!), or because they do not incorporate the new information derived from the measurements in a consistent way. The most popular deconvolution methods are iterative algorithms which require a starting spectrum. While one can argue that the starting spectrum can be used to encode a priori information, in general, the algorithms used to derive the final spectrum cannot be justified when examined as methods of inference.
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